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Abstract 
In the realm of pseudometric spaces the role of choice principles is investigated. In particular it 
is shown that in ZF (i.e., Zermelo-Fraenkel set theory without the axiom of choice) the axiom of 
countable choice is not only sufficient but also necessary to establish each of the following results: 
1. separable - countable base, 
2. separable - LindelGf, 
3. separable ti topologically totally bounded, 
4. compact + separable, 
5. separability is hereditary, 
6. the Baire Category Theorem for complete spaces with countable base, 
7. the Baire Category Theorem for complete, totally bounded spaces, 
8. compact - sequentially compact, 
9. compact - (totally bounded and complete), 
IO. sequentially compact - (totally bounded and complete), 
1 1. WeierstraD compact - (totally bounded and complete). 
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0. Background and notation 
Our setting is 
l set theoretically Zermelo-Fraenkel set theory without the axiom of choice, 
* Corresponding author. E-mail: fat 1842@uoftOl .utoledo.edu. 
0166.8641/98/$19.00 0 1998 Elsevier Science B.V. All rights reserved 
PIiSO166-8641(97)00138-7 
154 H.L. Bentley, H. Herrlich / Topology and its Applications 85 (1998) 153-164 
l topologically the world of pseudometric spaces, from now on just called spaces. 
Spaces are denoted by X = (X, d). 
If X is a space, z is an element of X and T is a positive real number, then 
S(T r) = {Y E X I 4x, z/Y) < rl 
denotes the open ball in X with center I(: and radius T. N denotes the set of positive 
integers. 
If P and Q are statements about sets or spaces, then 
P-Q 
P-IQ 
P-?Q 
AC 
cc 
Fin 
means that P implies Q, i.e., the implication P - Q is provable in 
ZF, 
means that P does not imply Q, i.e., there exists a model of ZF 
set theory (without the axiom of choice) in which the implication 
P + Q is false, 
means that we don’t know whether P - Q or P -_I Q is valid, 
denotes the axiom of choice, 
denotes the axiom of countable choice, 
denotes the axiom that the concepts of finiteness and Dedekind- 
finiteness are equivalent, i.e., that each infinite set contains an injective 
sequence, 
denotes the axiom of countable choice for finite sets. 
Theorem 0.1 (see [5] or [6]). 
AC H CC - Fin H C$&,,. 
Theorem 0.2 (see [2]). Equivalent are: 
(1) CC (respectively CFNO), 
(2) for every sequence (X,) of nonempty (respectively nonempty finite) sets, there 
exists a sequence that meets infinitely many of the X, S. 
1. Separability 
Definition 1.1. A space X is said to be 
l separable provided X contains an at most countable dense subset, 
l with a countable base provided X has an at most countable base, 
l Lindelof provided every open cover of X contains an at most countable cover of X. 
Proposition 1.2. Under CC the following conditions are equivalent: 
(1) X is separable, 
(2) X has a countable base, 
(3) X is Lindeloj? 
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Proof. (1) + (2) If D is an at most countable, dense set in X, then { S(z, r) 1 T E Q+} 
is an at most countable base for X. 
(2) + (3) Let B be an at most countable base for X and let U be an open cover of 
X. For each B E 93 define U(B) = {U E U / B c U}. Then C = {B E 23 1 U(B) # @} 
is at most countable. Thus nBEc U(B) is not empty. If (UB)B~C is an element of this 
product, then QJ = {UB / B E C} 1s an at most countable cover of X with M c U. 
(3) + (2) If X is Lindelof, then for each n E N the set X, of all maps 
with UrnEN p(m) = X is not empty. Thus nXn # 8. If (pn)ntw is an element of this 
product, the set {p,(m) 1 n E RI and m E N} is an at most countable base for X. 
(2) + (1) is obvious. •I 
Remark 1.3. In ZF only the implication 
separable -+ countable base 
remains valid. As the following examples demonstrate the relations between the 3 con- 
cepts defined above are as follows: 
separable 
N \ 
countable base _ Lindeliif 
Example 1.4. In Cohen’s basic model the discrete space N is separable and has a count- 
able base, but fails to be Lindelof (see [3]). 
Example 1.5. In Cohen’s basic model there exists a subspace X of the space Iw of real 
numbers whose underlying set is infinite, but Dedekind-finite (see [4]). The space X has 
a countable base, but fails to be separable. 
Example 1.6. In a suitable model of ZF there exists a sequence (X,,) of 2-element sets 
X,, with empty product nnEW X, (see [5]). The space X, defined by 
X = {(O>O,} u u (X7, x {n>), 
?EN 
0 if (x3 n) = (y, m), 
1 
d((z, n), (y, m)) = 12 + m 
if n m = 0 and n + m # 0, 
if ‘n. m # 0 and (z, n) # (y, m) 
is Lindelbf, but fails to be separable or to have a countable base. 
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Theorem 1.7. Equivalent are: 
(1) CC, 
(2) countable base - separable, 
(3) Lindekij - separable. 
Proof. It suffices to show that the failure of CC implies the existence of a Lindelof space 
with countable base that fails to be separable. Let CC fail. Then, by Theorem 0.2, there 
exists a sequence (X,) of nonempty sets such that each sequence meets only finitely 
many of the X,‘s. The space X, defined by 
X = {COlO)} u u (Xn x W), 
nEW 
1 
0 if n = m, 
1 
d((z,n),(y,m)) = nl+ml lfn’m=oandn+mfo’ 
I_/ ifn.m#Oandn#m 
n m 
is Lindelof and has a countable base, but fails to be separable. 0 
Theorem 1.8 (see [3]). Equivalent are: 
(1) CC restricted to subsets of IR, 
(2) countable base - LindeliiJ 
(3) separable - Lindel@ 
Remark 1.9. Under CC each of the concepts separable, countable base, and Lindelijf is 
hereditary, i.e., if a space has one of these properties so does each of its subspaces. In 
ZF only the property of having a countable base remains hereditary. As the following 
examples show, the other two properties fail to be so. 
Example 1.10. As shown in Example 1.5 the separable space IR may have nonseparable 
subspaces. 
Example 1.11. The space X, constructed in Example 1.6, is Lindeliif. However, the 
subspace Y of X, determined by the set Y = X\{O,O} fails to be so, since the open 
cover U = { {1~} 1y E Y} of Y fails to be countable. 
Theorem 1.12. Equivalent are: 
(1) cc, 
(2) separability is hereditary. 
Proof. (1) implies (2) by Proposition 1.2 and the fact that the property of having a 
countable base is hereditary. 
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(2) + (1) If CC fails then, by Theorem 0.2, there exists a sequence (X,) of nonempty 
sets such that each sequence meets only finitely many XTE’s. Let x be an element that 
is not contained in UnEN X,. Then the space X, defined by 
is separable, but the subspace Y, determined by the set 
Y = u (X, x (4) 
nEW 
fails to be so. 0 
Problems 1.13. What is the set theoretic status of each of the following conditions: 
(1) Each Lindelijf space has a countable base? 
(2) The Lindeliif property is hereditary? 
2. Total boundedness 
Definition 2.1. A space X is called 
a tot& bounded provided for each positive real number T there exists an r-net, i.e., 
a finite set Y such that 
X = u S(Y,T>, 
140, 
l sequentially bounded provided in X each sequence has a Cauchy-subsequence. 
Proposition 2.2. If X is totally bounded, then X is sequentially bounded. 
Proof. Let (zn) be a sequence in a totally bounded space X. By total boundedness, X 
has the following property: 
(*) For every infinite subset Y of X and every positive real number v there exists 
some y E Y such that Y n S(y, T-) is infinite. 
Case 1: (z,) has a constant subsequence (zV(,,). Then (IC,(,J) is a Cauchy- 
subsequence. 
Case 2: (zn) has an injective subsequence (yn). Define, by induction, a strictly in- 
creasing function v : N --i N and a sequence (Y,) of infinite subsets of X as follows: 
v(1) = min {m E N 1 {n 1 d(ym, yn) < 1) infinite}, 
K = (pm I m > ~(1) and yrn E S(Y,(Q, I)}, 
v(n+l)=min mENJyy,EYnandY,flS y,,, ( A) infinite}, 
Y n+1 = ?/,lm>v(n+l)andy,~Y,nS 
>> 
. 
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Then (yV(,)) is a Cauchy-subsequence of (y,) and thus of (z,). q 
Theorem 2.3. Equivalent are: 
(1) cc, 
(2) sequentially bounded - totally bounded. 
Proof. (1) + (2) Assume that X is a space that fails to be totally bounded. Then there 
exists a positive real number T such that for each n E N the set 
x, = {(z,,... ,2,)~X”Ii#jjd(zi,z,)3r} 
is nonempty. Under CC there exists an element (a,) in n, X,. Consider (~1, ~2, ~3, . . 
by concatenation as a sequence (2,) in X. This sequence contains arbitrary long strings 
%,%+I>‘.~, z,+k such that any two of its members have a distance d(z%+i, z,+j) 3 T. 
This fact immediately implies that (z,) has a subsequence (z,,(~)) in which the distance 
of any two members is at least ir. Consequently (zy(,)) is a sequence without Cauchy- 
subsequence. Thus X is not sequentially bounded. 
(2) =S (1) Consider the space Y constructed in the proof of (2) =S (1) in Theorem 1.12. 
This space is sequentially bounded, but not totally bounded. Thus the failure of (1) implies 
the failure of (2). 0 
Next, we investigate the relations between boundedness and separability: 
Theorem 2.4. Equivalent are: 
(1) cc, 
(2) totally bounded - separable, 
(3) sequentially bounded - separable. 
Proof. (3) =+ (2) is immediate from Proposition 2.2. 
(2) + (1) If CC fails then, by Theorem 0.2, there exists a sequence (X,) of nonempty 
sets such that each sequence meets only finitely many X,‘s. Then the space X defined 
by 
X = u (X, x M), 
nEM 
is totally bounded, but not separable. Thus (2) fails. 
(1) + (3) If CC holds and X is sequentially bounded then, by Theorem 2.3, X is 
totally bounded. Thus, for each n E N, the set Y, of all tuples (xi,. . . , z,), for which 
{Q,... ,x,} is an A-net for X, is not empty. By CC there exists an element (yn) 
in nnEN Y,. Consider yl, y2, ~3, . . via concatenation as a sequence (ICY) in X. Then 
{zn 1 n E N} is an at most countable dense subset of X. Thus X is separable. 0 
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Definition 2.5. A space X is called topologically totally bounded provided X is home- 
omorphic to a totally bounded space. 
Proposition 2.6. If X has a countable base, then X is topologically totally bounded. 
Proof. Let (&) be a countable base for X. Assume, without loss of generality that 
diam X < 1, and define 
d(z: y) = max ] dist(z, X\B,) - dist(y, X\B,)j 
n 
Then (X, 2) is a totally bounded space that is homeomorphic to X. 0 
Corollary 2.7. Every separable space is topologically totally bounded. 
Proof. Immediate from Proposition 2.6 and Remark 1.3. 0 
Remark 2.8. The following diagram extends the diagram from Remark 1.3. 
The discrete space N is topologically totally bounded, but can fail to be Lindelof. Exam- 
ple 1.6 exhibits a totally bounded space without a countable base. Whether each Lindelof 
space is topologically totally bounded we do not know. 
3. Completeness 
Definition 3.1. A space X is called complete provided in X every Cauchy-sequence 
converges. 
Remark 3.2. The Baire Category Theorem states that every nonempty complete space 
is of second category, i.e., not expressible as a union of a sequence (X,) of nowhere 
dense subsets. If DC denotes the axiom of dependent choices, then the implications 
DC - Baire Category Theorem + CC 
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hold. The first is obvious, for the latter see Theorem 3.4 below. We do not know whether 
one of the above implications is an equivalence. However, we do know the following: 
Theorem 3.3. Every nonempty, complete, separable space is of second category 
Proof. Let X be a nonempty, complete space, let (z,) be a sequence in X such that 
{zcn ( R E IV} is dense in X, and let (A,) be a sequence of nowhere dense subsets 
of X. Denote for each z E X and each positive real number T by B(z, T) = {y E 
X ) d(z, y) 6 r} the closed ball with center z and radius T. By induction define 
simultaneously sequences (u(n)) and (p(n)) of natural numbers as follows: 
v(l)=min{m~N13r>O B(z,,r)nA1=0}, 
11(1)=min{711tW/B(~~(,,,~)nA, =0}, 
v(n + 1) = min (m E N 1 3 T > 0 B(z,, r) C [S(s,o, 
p(n + 1) = min m E N ) n + 1 < m and 
B ( 
1 
zV(,+I), ; > [( c s G(n), $+-+11>. 
Then (~~(~1) is a Cauchy-sequence in X, thus converges to some IC. Finally z $8 
implies u, A, # X. 0 
Theorem 3.4. Equivalent are: 
(1) cc, 
u, An 
(2) every nonempty, complete space with countable base is of second category, 
(3) every nonempty, complete, totally bounded space is of second category. 
Proof. (3) =+ (2) immediately follows from Proposition 2.6. 
(2) + (1) If CC fails then, by Theorem 0.2, there exists a sequence (Xn) of nonempty 
sets such that each sequence meets only finitely many Xn’s. Let 
cp:N-{rEQIO<r<l} 
be a bijection. Then the space X, defined by 
X = u (XT% x {n}), 
nEN 
d((z’ n)’ (y’m)) = { yp(n) _ cp(m)I 
ifn=m, 
if n # m 
is a nonempty, complete space with a countable base. Since each X, x {n} is nowhere 
dense, X is not of second category. Thus (2) fails. 
(1) + (3) Under CC totally bounded spaces are separable (see Theorem 2.4). Thus 
(3) follows from Theorem 3.3. 0 
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4. Compactness 
Definition 4.1. A space X is called 
compact provided every open cover of X contains a finite cover of X, 
WeierstraJ-compact provided in X every infinite set A has an accumulation point 
_r (i.e., each neighbourhood z meets A in an infinite set), 
sequentially compact provided in X every sequence has a convergent subsequence. 
Remark 4.2. As we will see in Corollary 4.5 below, CC makes the above compactness 
concepts pairwise equivalent. In general the relations between these concepts and the 
concepts of completeness and total (respectively sequential) boundedness are described 
by the following diagram: 
(compact 
I 
I 
I I I 
WeierstratI-compact 
I 
1 H 1 complete and totally bounded 1 
I I 1 
t 
sequentially compact 
t 
t--) complete and sequentially bounded 
The proofs of the above implications are straightforward. The above nonimplications 
follow from the subsequent heorems and propositions. 
Theorem 4.3. Equivalent are: 
(I) CC, 
(2) sequentially compact -+ totally bounded, 
(3) (totally bounded and complete) ----f compact, 
(4) sequentially compact - compact. 
Proof. (1) + (2) follows from Theorem 2.3, since sequential compactness implies se- 
quential boundedness. 
(1) + (3) Let U be an open cover of a totally bounded, complete space X. Assume 
that U does not contain a finite cover of X. By total boundedness, for each 12 E N, 
the set A,, of all tuples (xi,. . . >xm) in X with X = lJz”=, S(zi, i) is nonempty. By 
CC, there exists an element (a,) in nnEN A,. Denote each a, by (z;, $, . . , x$~,,,). 
Define, via induction, a sequence (yn) in X as follows: 
yl = x:. where k = min{ i 1 no finite subset of U covers S(zf , l)}, 
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Yn+ 1 = XL+‘, i 1 no finite subset of U covers 
s x;+‘, ( &) f- fj s(Yvj;)}. 
v=l 
Then (y,) is a Cauchy-sequence in X. By completeness, (y,) converges to some point 
y in X. As in the familiar proof this provides the required contradiction. Thus X is 
compact. 
(1) + (4) follows immediately from (1) + (2) and (1) + (3) since sequentially 
compact spaces are complete. 
(2) + (1) Consider the space Y, constructed in the proof of (2) + (1) of Theorem 1.12. 
This space is sequentially compact, but not totally bounded. Thus the failure of (1) implies 
the failure of (2). 
(3) + (1) and (4) + (1) Consider the space X, constructed in the proof (2) + (1) of 
Theorem 2.4. This space is totally bounded and complete (hence sequentially compact), 
but fails to be compact. 0 
Theorem 4.4. Equivalent are: 
(1) Fin, 
(2) sequentially compact - WeierstraJ-compact. 
Proof. (1) + (2) Let A be an infinite subset of some sequentially compact space X. 
By (l), there exists an injective sequence (a,) in A. By sequential compactness of 
X, some subsequence of (a,) converges to some point 2 in X. Consequently z is an 
accumulation point of A. Hence X is Weierstrag-compact. 
(2) + (1) Assume that (1) fails. Then there exists an infinite set X, which is Dedekind- 
finite. Thus the space X = (X, d), defined by 
d(X,Y) = 1 0 if IC = y, 1 ifzfy 
is sequentially compact, but not WeierstraB-compact. Thus (2) fails. 0 
Corollary 4.5. Under CC the following conditions are equivalent: 
(1) X is compact, 
(2) X is WeierstraJ-compact, 
(3) X is sequentially compact, 
(4) X is complete and totally bounded, 
(5) X is complete and sequentially bounded. 
Next, two partial results: 
Proposition 4.6. If every complete, totally bounded space is WeierstraJ-compact, then 
C FRO holds. 
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Proof. Assume that CN<oNO fails. Then there exists a sequence (X,) of nonempty, finite 
sets X, such that each sequence meets only finitely many Xn’s. Thus the space X, 
defined by 
X = u (X, x {n]), 
nEN 
d((r.nM;y,m)) = 1; - ;I 
is complete and totally bounded, but not Weierstrafl-compact. 0 
Proposition 4.7. Under C”,(;i, the following conditions are equivalent: 
(1) CC, 
(2) WeierstraJ-compact - totally bounded. 
Proof. (1) * (2) follows from Corollary 4.5. 
(2) + (1) Assume that (2) holds and (1) fails. Then there exists a sequence (X,,) of 
nonempty sets such that no sequence meets infinitely many X,‘s. The space X, defined 
by 
is not totally bounded, thus not WeierstraIkompact. Let A be an infinite subset of X 
without an accumulation point in X. Define 
A,=An(X,x{n}) and AI={~ENIA,,#~}. 
Then each A, is finite, thus M is countable infinite. Thus (An)nE~[ is a countable family 
of nonempty finite sets with nnEM A, = 0. This violates C2Ncj. 0 
Corollary 4.8. Equivalent are: 
(I) cc, 
(2) WeierstraJ-compact * complete and totally bounded. 
Proof. (1) =S (2) follows from Corollary 4.5. 
(2) 3 (1) follows from Propositions 4.6 and 4.7. 0 
Remark 4.9. A space X is called Alexandroff-Urysohn-compact provided in X every 
infinite set has a complete accumulation point. In [l] it has been shown that the following 
conditions are equivalent: 
(1) AC, 
(2) compact + Alexandroff-Urysohn-compact. 
Finally, the relations between compactness and separability: 
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Example 4.10. Let (Xn) be a sequence of nonempty, finite sets with fl, X, = 0. Then 
the space X, defined by 
if (z,n) = (y,m), 
if n. m = 0 and n + m # 0, 
if n. m # 0 and (z,n) # (y,m) 
is compact, but fails to have a countable base. 
The subspace Y of X, determined by the set Y = X\{ (0, 0)}, is sequentially compact, 
but not Lindeliif. 
Theorem 4.11. Equivalent are: 
(1) CC 
(2) compact - separable. 
Proof. (1) + (2) follows immediately from Theorem 1.7, since every compact space is 
Lindeliif. 
(2) =+ (1) The space X, constructed in the proof of Theorem 1.7 is compact, but not 
separable. Thus the failure of (1) implies the failure of (2). 0 
Problems 4.12. What is the set theoretic status of each of the following conditions: 
(1) The Baire Category Theorem for compact spaces, 
(2) Weierstra&compact --f compact? 
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